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ABSTRACT -For an odd prime number p, let L^ be the Z p -anticyclotomic exten- 
sion of an imaginary quadratic field L. We focus on the non- normal subextension 
Kqo of ioo fixed by a subgroup of order 2 in Ga^Loo/Q). After providing a general 
result for dihedral extensions, we study the growth of the p-part of the class group 
of the subfields of i^oo/Q, providing a formula of Iwasawa type. Furthermore, we 
describe the structure of the projective limit of these class groups. 
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1 Introduction 

The aim of the present paper is to study the growth of class numbers along a 
tower of extensions which is not Galois over the ground field. More precisely, 
let p be an odd prime, let L be a CM field and let L^/L be a Z p -extension 
such that L (X} /L + is pro-p-dihedral (meaning that Gal(L oc /F + ) is a projec- 
tive limit of dihedral groups of order 2p n ,n ^ 1). We set K = L + . Hence 
the situation is as follows: 



-f^oo — UneN K n 




L = L 



L + = K 



Such an extension always exists and, under Leopoldt conjecture for L with 
respect to the prime p, there are precisely n/2 of them if n = [L : Q]. 
Note that GsK^L^/K) is the semidirect product of Gal(Loo/L) xi A where 
A = Gal(L/K). For every m ^ 1, denote by iC m the subfield of L^ which 
is fixed by Gal(Loo/L m ) X A. Note that Gal(L m /K) is a dihedral group 
(isomorphic to D p m). 

Setting Koq = L)K m , the extension K^/K shares some similarities with 
Zp-extensions, still behaving in a different way. In particular it can be seen 
as a particular case of what may be called a fake Z p -extension. Here is the 
definition that we propose 

Definition. Letp be a prime number, let K be a number field and let K^/K 
be a non Galois extension. Suppose that there exists a Galois extension 
L/K disjoint from K^/K such that LK^ is a Galois closure of K^/K. If 
LKoo/L is a Z p - extension, then K^/K is called a fake Z p - extension. 

Our strategy to study the growth is to use a class number formula at 
finite levels and then to pass to the limit. This formula is not new (see 
for example [HKj . [Jalj . [Lej...): anyway, we shall give a proof of it which 
seems to be different from others that can be found in the literature. For a 
number field M, let Hm denote its class number, Rm its regulator and Em 
the group of units of M modulo torsion. In Section [2] we prove by analytic 
means (essentially Brauer formula for Artin L-functions) the following result: 

Theorem. Let q be an odd natural number and let F/K be a Galois exten- 
sion whose Galois group is isomorphic to the dihedral group with 2q elements 
D q . Let L (resp. k) be the field fixed by the cyclic subgroup of order q (resp. 
by one of the subgroups of order 2) of G&1(F/K) . Then 

K. R k R L 



h F = h L -± j 



h\ R\R F ' 

In order to pass to the limit we need to give an algebraic interpretation 
to the ratio of regulators which appears in the theorem. This is done in 
Section El essentially by an elementary but rather technical linear algebra 
computation. The result is as follows: 

Proposition. With notations as above, let k' = p(k) where p is a generator 
of the cyclic subgroup of order q in G&\(F/K). Then the following equality 
holds: 

[E F : E k E«E L ] = |^- . 

where n = [K : Q] . 

Putting togheter the preceding theorem and the last proposition, we get 
a formula in Theorem 13.41 relating the class numbers of L, F, K and k 
involving only algebraic objects. 



In Section 0J we take K = Q. L is therefore an imaginary quadratic 
field and there is only one Z p -extension of L which is pro-p-dihedral over 
K, the so-called anticyclotomic Z p -extension of L, which we denote by L^. 
The main result of the section is then (notation as in the diagram at the 
beginning) 

Theorem. Let p £m be the order of the p-Sylow class group of K m . Then 
there exist integers hk,^k,^k such that 

2e m = hkp" 1 + Aicm + vr for m >> . 

The main ingredients of the proof are the p-part of the formula proved in 
Section [2] and Section [3l Iwasawa's formula for L^/L and the interpretation 
of a quotient of units as a cohomology group (see Proposition 14. 4p . The 
more "Iwasawa Theory" approach of passing to the limit on this quotient 
and then descending fails here as the characteristic power series involved is 
T, as discusses after Proposition 14.41 We also give an intepretation of the 
invariants fix and Xk in terms of the invariants hl and A^ relative to L^/L 
(in fact we also get a proof of the parity of Xk)- In particular we find 

A*l = Vk and X K = X L + A<p 

where A<p is the Iwasawa A-invariant relative to the A-module (A = Z P [T]) 
which is the projective limit of the cyclic subgroups of Cli Jm generated by 
the classes of the products of all prime ideals of L m which lie over p. It is 
worth mentioning that R. Gillard proved in [GiJ that 



Al = fJ-L (mod 2) and pl ^ 1 , 

the latter inequality becoming an equality if and only if p splits in L. 
Section is devoted to the study of the exact sequence 

-> KerM — A Km © A K < m -^ A Lm — > A Lm /A Km A KL - . (1) 

Here we denote by Am the p-Sylow of the class group of any number field M. 
If M^/M is a Zp-extension or a fake Z p -extension, let Xj^^/m ( or ^M if 
the (fake) Z p -extension is clear) be the projective limit of Am„ with respect 
to the norm map. Moreover 

c m (([i], [/'])) = [ii'o Lm ] 

if I (resp. I') is an ideal of K m (resp. K' m ). Here we are identifying 
AK m and Ak> with their isomorphic images in A^ m (the extension maps 
A Km — ► A Lm and A K > m — ► A Lm are injections since L m /K m and L m /K' m are 
of degree 2 ^ p). Passing to projective limit with respect to norms we get 

-► Ker( ioo ) —> X K © X K , -^ X L — > X L /X K X K ' -» . (2) 

Then the main result of Section [5] is 



Theorem. The following holds 

1. Ker(ioo) is a 7L v -module of rank 1 if p splits in L and it is finite other- 
wise; 

2. Xl/XkXk 1 is finite and its order divides nf /p n °. 

where uq is the smallest natural number such that L oa jL n ^ is totally ramified 

(p) 
at every prime above p and h L denotes the order of the p-Sylow subgroup 

of the class group of L. In particular, Xl is finitely generated as r L v -module 

if and only if Xr is finitely generated as "L p -module and its rank is twice the 

rank of Xk if p does not split and 2xk% Xk + 1 if p splits. 

The tecniques involved in the proof give also an algebraic proof (only for 
odd parts) of the formula proved in Section [2] and Section El 

Aknowledgements We would like to thank Ralph Greenberg for suggest- 
ing us to work on this topic and for many useful comments. Moreover, we 
thank Jean-Frangois Jaulent for informing us that most of the results of this 
paper were proved with different techniques in [Ja2j. 

2 Class numbers formula for dihedral extensions. 

Let q be an odd natural number. Let K be a number field and let F/K be 
a Galois extension whose Galois group is isomorphic to the dihedral group 
D q (we shall identify from now on G&1(F/K) with D q ). Recall that D q is 
the group generated by p and a with relations 

p q = a =1, apa = p~ . 

In particular D q contains the cyclic group C q of order q generated by p. 
Let L be the subextension of F/K fixed by C q . Similarly, let k be the 
subextension of F/K fixed by the subgroup generated by a. 
Let M be a subextension of F/K: for a complex representation of Gal(F/M) 
with character X: we consider the attached Artin L-function that we denote 
by L(s, x,F/M) where s G C has real part bigger than 1. We denote by 
Xq the trivial character of Gal(F/M): note that 

L(s, X * f , F/M) = ( M (s) 

where Cm is the Dedekind zeta function of M. We use here the notation 
(m(s) for the special value of (m at s G C \ {1}: by definition, Cm( s ) ^ s 
the first nontrivial coefficient in the Taylor expansion of Cm around s. By 
Dirichlet's theorem, we have 

CW) = -—Rm, (3) 

WM 



where wm is the number of roots of unity contained in M (this formula 
comes from the formula for the residue at 1 of Qm an d the functional equa- 
tion, see [Na], chapter 7). This notation will be used throughout of the 
paper. 

We briefly recall how the irreducible characters of D q are defined (for 
everything concerning representation theory in the following see [Selj . I, 
§5.3). There are two representations of degree 1, namely 

Xo (p a a b ) = 1 for each < a < g - 1, O < 1 , 

Xi(p a a b ) = (-l) b for each < a < q - 1, < b < 1 . 

Observe that Xo = Xo- Furthermore there are q—1 representations of degree 
2, namely ipi, . . . , V'(g-i) which are defined by 

Mp a ) = ( c l ^ ha ) , A{p a °) = ( c ° ha c { s )voa^-i. 

for every 1 ^ h ^ q — 1, where C 9 is a primitive q-th. root of unity. 
Proposition 2.1. Lei r = (q — l)/2. T/ien t/ie representations 

Xo, Xi, A, A, ■■■, A 
are the irreducible representations of D q . 
Proof. See [HEE], I, §5.3. D 

In the following we shall denote by x the character of A- Furthermore, 
if H is a subgroup of D q and x is a character of H whose corresponding 
representations is ip, we denote by Ind^'x the character of the representation 
of Dg induced by ip. Then we have 

(lnd% X )(u)= Yl X{r- l ur), (4) 

reR 

where R is any system of representatives for D q /H. The next lemma de- 
scribes the characters of some induced representations in terms of the irre- 
ducible characters. 

Lemma 2.2. The following holds 

r 

Ind^ }Xo L = Xo + Xl +2^ X W, (5) 

h=\ 

Indf; )X ^ = X0 + 5> W > ( 6 ) 

h=\ 

lnd c q a Xo = Xo + Xi • (7) 



Proof. Equality in ([5]) follows from the fact that both terms equal the char- 
acter of the regular representation of D q . 
In order to prove ([6]) we use (jl|) with H = (a): choose R = C q . Then clearly 

and 

(indgxf) (pV) = 1 

for every ^ a ^ q — 1 (since p~ c p a ap c £ (cr) if and only if a = 2c (mod q) 
and the latter has only one solution). On the other hand, the right-hand 
side of ([6]) verifies 

L + iTx ih) )(l)=a 
and, if < a ^ q — 1, 

r r q— 1 

Furthermore, ifO^a^g— 1, 

r 
h=l 

which completes the proof of © ; can be proven similarly. □ 

From now on, we let /i(M) denote the group of roots on unity of a 
number field M. 

Lemma 2.3. The following holds 

p(k) = p(K), n{F) = n{L). 

Proof. Let Q G p(F) \ p{K) be a root of unity of F which does not lie 
in K, and set M = K((). Then M/K is a nontrivial abelian extension 
of K contained in F. In particular G&1(F/M) contains the commutator 
subgroup of D q which is equal to C q . Therefore, M/K being nontrivial, 
Gal(F/M) = C q and M = L. This shows at once that /x(L) = p{F) and 
/x(fe) = p(K) (since Fnk = K). □ 

Theorem 2.4. The following equality holds 

r t \ t < \^L? 



for each s£C\{l}. In particular 

h F = h L 



h\ R\R L 



h K R K R F 

and R^Rl/R 2 k Rf is a rational number. 

Proof. In the following we use various known properties of Artin L- functions: 
for their proofs see [Hej . §3. First of all note that, for every s £ C such that 
Res > 1, 

( F (s) = L(s, xo, F/F) = 



L(s, Ind^, F/K) = L(s, X o + Xi + 2 £ X {h) , F/K) 

h=l 

r 

= L(s, xo, F/K)L{s, xi, F/K)l[L(s,x W , F/K) 2 



h=l 

by Lemma 12.21 

Now we consider £&: we have 

C fc (a) = L(s, X k o, F/k) 



L(s, Ind^xo, F/K) = L(s, Xo + Yl X (h \ F/K) 



= L(s, xo, F/K)HL(s,x {h) , F/K) 

h=l 

by Lemma 12.21 Lastly, we consider £/,: we have 

( L (s) = L(s, xo, F/L) = 

= L(s, Indgxg, F/K) = L(s, X o + Xi, F/K) 
= L(s,xo,F/K)L( S ,xi,F/K) 
again by Lemma 12.21 Hence 

tk(s ' 2 
for s£C with Re s > 1 because 



GK«) = a«£zk ( 8 ) 



Ck(s) = L(s, xo, F/K) . 

We deduce that ([8]) holds for every s £ C \ {1}. In particular the left and 
the right terms have the same special value at 0. We then deduce from © 
that 

h _ h h\ R\R L w 2 K w F 

hF - hLTT ' p2 p " ~ 2 W 

h l K R l K R F w z k w L 
and the formula in our statement then comes from Lemma 12.31 □ 



3 Algebraic interpretation of regulators 

We shall now prove an algebraic interpretation of the term (R^Rl) / \R\ Rf) 
appearing in Theorem 12.41 An algebraic proof of the formula resulting from 
([9]) can also be found in |HKj . |Jalj . |Lej (see also the last section). The 
notation is the same as in Section [2J but we fix the following convention for 
the rest of this section: 

K is totally real of degree n over Q while F is totally imaginary 
(thus of degree 2qn). Therefore L is a CM-field and L + = K. 

As usual, ri(M) and r2(M) denote the number of real and imaginary places, 
respectively, of a number field M, and we recall the notation r = (q — l)/2 
introduced in Proposition l2.lt we have 

Lemma 3.1. With the above convention, r±(k) = n and r2(k) = n(q — 
l)/2 = nr. 

Proof. Since F is totally imaginary every infinite prime •&[ : F ^-» C of F has 
a decomposition subgroup of order 2 inside D q . On the other hand, the num- 
ber of real embeddings of k coincides with the number of infinite primes of k 
that ramify in F/k, therefore such that X(^) C Gal(F/k) where X(^) is the 
decomposition group of •&' i : this is equivalent toT(^) = Gsl{F/k). Inside F 
there are exactly q fields of index 2, and they are all isomorphic to k: there- 
fore the number of infinite primes of F such that X(t?^) = Gal(F/k) must 
coincide with the number of infinite primes such that X(i?'-) = Gal(F/k') 
for every k! conjugate to k. Since there are exactly nq infinite primes in F, 
Dirichlet's Box Principle tells us that exactly n decomposition subgroups 
coincide with Gal(F/k), as stated. □ 

Let now 1 / p £ D q be an automorphism of F fixing K of order q 
and set k' = p(k). Since a and p generate D q and k is fixed by o~, if 
p{k) = k then k would be a normal extension of K: therefore k' ^ k. We 
set Ep = Op/toTzO F and similarly for k, k', L and K. Note that there are 
canonical embeddings E% ^ Ep, Ey ^ Ep and El =— > Ep. Moreover, it is 
not hard to see that 

E k E k , = Ol Ol /tor z (PI Ol, ) 

(both groups are subgroups of Ep). 

Lemma 3.2. O^O^, is of finite index in O p and E k Ey is of finite index 
in Ep. 

Proof. Clearly it is enough to prove the first assertion, since we have an 
exact sequence 

-► tov z O F /tov z (0^0^) -y O^jOlOl -» E F /E k E k , -. 0. 



Thanks to LemmaEEl rk z 0£ = nq-1 while rk z O^ = rk z O^, = n(r+l)-l. 
Therefore all we need to prove is that O^ (1 O^, C O^-: indeed, this would 
imply that 0, x n0 x = X , and so rk z (0 x x ) = rk z x +rk z x -rk z x = 
nq — 1 which is precisely rk%0 F . 

But the inclusion 0^ nO^, C O^- is immediate once we know that k(~)k' = K; 
and this is clear, for Gal(F/k n k') contains both <r and pa, and thus both a 
and p. Hence Gal(F/Jfe n k') = D q = Gal(F/K), from which knk' = K. D 

Remark. The above proof shows, in particular, that 0£0£,0£ (resp. E^E^iEi) 
is of finite index in O f (resp. -Ef). 

As in the proof of Lemma 13,21 the units of k have Z-rank equal to 
n(r + 1) — 1, while those of K and of L have Z-rank equal to n — 1; finally, 
then, rk^(O^) = nq — 1. By the elementary divisors theorem and Lemma 
12.31 we can choose subsets {rjj}™^ C (D£ and {a ? -}'- =1 C N such that 

n(r+l) n 

0* = tor z O x vf and O x = tor z O x © r£' Z (10) 
(recall that tor z 0^ = tor z C^, by LemmaE|. Then 

n.(r+l) 

O x =tor z O x p( Vj ) z . 
Moreover we also have 

n(-r+l) n(r+l) 

O x O x =tor z (O x O x )© nj® p( % ) z . (11) 

i=l j=n+l 

This can be seen as follows: first of all we show that 

n(r+l) n(r+l) 

r/fn p(^) z = {i}. 

i=l i=n+l 



Suppose that we have 

n(r+l) n(r+l) 

n $ n k%o cj = i. 

j=l j=n+l 

Then 

n(r+l) n 

J] p(vj)* e O fc x n O x = O x = tor z O x © ^ 



Now note that p(rjj) = tjjQj where Q G torzO F is an Oj-th root of unity 
(this follows from p(rj^) = rj- j which holds because rj- j G K). This means 
that 

n(r+l) n(r+l) n 

n pw=z n ^=^ik^ 

i=n+l j=ra+l j=l 

for some £ G tovzO K and C = II C/- This equation can actually be seen in 
O f and gives ( = £ and Cj = for any re + 1 ^ j ^ n(r + 1) and dj = for 
any 1 ^ j ^ n since 

n(-r+l) 

(tor z C>£ntor z 0*)© qf = {1}. 

But then we also have bj = for any 1 ^ j ^ n{r + 1). Therefore (|11|) is 
proved and we have 



Rp[EkEy\ = Rf 
where, for a subgroup A C £^p, -RpLA] denotes its regulator. 



n(r+l) n(r+l) 

© vf © p(%; 

i=l i=n+l 



Remark. Before we prove the main result of this section we observe that 

n 

l\ aj = \toT Z (0*/0*)\ (12) 

(which is clear from (jlOp ) and there is an isomorphism 

tor z (0 x x )/tor z x <* tor z (0 x /0 x ). (13) 

To see this, consider the map 

^{oioD^onoi 

defined by cf)(xx') = [x], where x G Q k , x' G O y and a%c' G tor z (£> x £?£,). 
First of all, this definition makes sense, since if xx' = yy' with y G 0£ 
and y' G £>£,, then xy -1 = (a;') -1 !/' ^ O k D O k , = O k (and therefore 
$(yy') = [y] = M)- Now clearly tor^Oj^) = ker^ (once more because 
O k n O k > = O k ) and of course Im</> C tor z (0 x /£?£). On the other hand, 
suppose that x G 0£ and there exists n G N such that x 71 G O^-. Then 
(xp(x~ 1 )) n = 1 (recall that p(k) = k') which means that xp^ 1 (x^ 1 ) G 
tor z (O x O x ) and c/)(xp(x- 1 )) = [x]. This proves Imcf) = tor z (£?*/£>£) and 
therefore </> gives an isomorphism as in (|13p . In particular using (|12p and 
([TBI) , we get 

n 

J] a, = (tor z (0 x x ) : tor z x ). (14) 



10 



Proposition 3.3. The following equality holds: 

(o F : oioioi) = q -§^{oioi n oi : ol) 

K K rt F 
Proof. Note that 



(0*:0%0*0* L ) 



_ (E F : E k E k ,)(tQT Z OZ : tor z (O x O x )) 

This follows from the fact that the natural map 

0*0*/ix>Tz(P*0*) -^ Ek E' k = x x tor z (0 x )/tor z (0 x ) 
is an isomorphism. Now 

(E F : E k E k ,)(tor z O F : tor z (O x O x )) _ 



(O x O x O x :O x O x ) 
{E F : E k E k ,)(tor z O F : tor z (O x O x )) 



(0*0*nO*:0*). 



{Ol : O x ) 
Hence we need to prove that 

(E F : E k Eu)(tOT Z 0$ : tor z (0 x x )) _ qR 2 k R L 



(15) 



(O x : O x ) RiR F 

We first prove that 

R L [E k E k ,\ = ^ ' (fifc)2 (tor z (0 x x ) : tor z x ). (16) 

Thanks to Lemma 13.11 we define ^ : A; = — ^ 1R for ^ I ^ n - 1 to be 
the real embeddings of k and r[ : k ^-> C for 1 ^ i ^ nr to be the non- 
equivalent imaginary embedding^ of k. Analogously, let i?^ : F ^-> C for 
^ i ^ nq — 1 be the non-equivalent (imaginary) embeddings of F. We 
order them so that $' L extends ")[ for ^ I ^J n — 1; while "&'i q+i and "&'i„ +i+T . 
extend T[ r+i for ^ I ^ n — 1 and for 1 ^ i ^ r. Without loss of generality 
(changing p if necessary in another element of order q) we can also assume 
that p($'i q+i ) = $J„ +i+1 for ^ i ^ r — 1 and ^ I ^ n — 1. The relation 
/kt = up -1 together with c($/„ + j) = $'i„ +i+r then gives 



KV^ =Vm 0<*<r-l,(K*<n-l 



(17) 



The reason for the primes will appear shortly. 

11 



By definition, setting #$ 
regulators take the form 



2 log |^|, n = 2 log | r/ 1 and ~/i = log | ^ | , the 



Rf[{V1, ■ ■ ■ , P(Vn(r+l)-l))} 



det 



an 



I 



n^j^n(r+l) — 1 

Mp(Vj)) 0^nq-2 

n<j'<n(r+l)-l / 



Ti(?7j) l<j<w-l 



l<j<n(r+l)-l 



# fe = det f Tl(»?i) o^^n-i 

V l<i<n(r+l)-l 

Before rewriting $i(r]j) in terms of the Tj's, two remarks are in order. First of 
all, the lowest part of the matrix defining the first regulator can be rewritten 
in terms of the $j (r]j ) only, thanks to (|17j) . Secondly, in the definition of a 
regulator in F (resp. in k), only nq — 1 (resp. n(r + 1) — 1) embeddings play 
a role, since the units lie in the subspace defined by 



i) 



nq—l 



nq—2 

•E* 

j=0 



n-1 



nr- 1 



(resp. r nr = - J2 H ~ E n ) ■ 



(18) 



1=0 



i=\ 



In the sequel this relations will be used: moreover, unlike (|18p that holds 
for all units in F, there is also the relation 



n-2 



0(n-l)q(Vj 



E^V 7 ??) v Ui^-i 



1=0 



since 77 J 6 Ejf for 1 ^ j ^ n — 1. But then of course 



n-2 



0(n-l)«(»&) =-E^^' 



V 1 ^ j < n - 1. 



(19) 



«=o 



Observe now that our ordering ensures us that for all 1 ^ j ^ n(r + 1) — 1 
we have , &i q+ i(i]j) = Ti r+i (rjj) if ^ I ^ n — 1 and 1 ^ i ^ r; that we have 
tilq+i+r(Vj) = T lr+i(rjj) if ^ Z < n - 1 and 1 < i < r; and i?j g (r/j) = 27/ (r/,) 
for ^ / ^ n — 1. Putting all together, (fT6|) has been reduced (use <fT7jl . 
dlHD, dEl) and (0) to the equation 



|det(E 



5 |det(^)| 2 2 ri - 1 -A- 

n — 1 1 a i 



2on-l 



|det($)|- 



i=i 



g|det(^)| 2 2 
|det($)|" 1 



<tor z (0*0*):tor z 0£) 

(20) 



2 In the next and in the last formula we use a somehow non- standard notation to write 
matrices. It should though be clear from the contest what we mean: in the last formula the 
matrix naturally splits vertically in three submatrices, each of one we describe explicitely. 
In the following, the splitting is horizontal. 
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for the three matrices appearing below in (I2ip . and whose determinants give 
the regulators we are computing: we should thus introduce some notation 
in order to define them. 

A A[l] G -A^( n -i)x(r+i)(^) is the matrix AfZJy = Ti r+i (rjj) for ^ I ^ 
n — 1, l^i^r and 1 ^ j ^ n — 1; and ^4[/]o,j = ^liiVj) f° r 
^ I ^ n — 1 and 1 ^ j ^ n — 1. First of all, using (|18|) . we have 

n—1 nr- 1 n— 1 .r,-, n-1) — 1 

A[n-i] rJ = -$>(»&)- E r.o&o = E T-EE^kr 



2 

i=0 i=l z=o i=0 i=l 

71-1 



> A[l — l] r j for all 1 ^ j ^ n — 1. Thanks to (|19p we also have 
1=1 

n-2 n-2 

A[n - l]o,j = -E 2 ^^) = -E^^°J for every 1 ^ J ^ n ~~ 1 ' 

1=0 1=0 

n—1 r— 1 n—1 

finally finding A[n - l] rj - = -^J]^Hy - J^A[/ - l] rJ for all 

2=0 i=l 1=1 

B For sC I < n - 2, 5[Z] G A4( n -i)xr(K) is the matrix B[%j = 
T ir+i(Vj) = A[/]jj for 1 ^ j ^ n — 1 and 1 ^ i ^ r, while £?[n — 1] G 
■M(n-i)x(r-i)( R ) is the matrix B[n-l]»,j = r (n _i) r+ j (rfr) = A[n-l] it j 
for 1 ^ j ^ n — 1 and 1 ^ i ^ r — 1 (this modification of the last B [I] 
comes from the fact that the (nq — l)-st embedding $ nq -i does not 
show up in the regulator, thanks to (|18|) : the same phenomenon will 
appear below in D and in D). 

C We now define C[l] G A / f( nr ) X ( r +i)(^) to be the matrix C[l]ij = 
T lr+i{ r 1j) for ^ I ^ n — 1, n ^ j ^ n(r + 1) — 1, l^i^r and 
C[^oj = 2')i{r)j) for ^ / ^ n — 1, n ^ j ^ n(r + l) — 1. Here again, by 

n— 1 ^-yr;! n—1 1 — 1 n—1 

([TH]),wefinda[n-l] rJ = -E J ^ M -EE C '[%i-E^- 1 W 

z=o z=o i=l 1=1 

for all n ^ j ^ n(r + 1) — 1. 

D For ^ I ^ n - 2 we define D[l] G Mt nr \ xr (M) to be the matrix 
D[l]ij = Ti r+ i(rjj) = C[k]ij for n ^ j ^ n(r + 1) — 1 and 1 ^ i ^ r 
while, as before, D[n — 1] G A / l( nr .) x ( r ._i)(IR) is the matrix D[n— l]jj = 
T tn-i)r+i(Vj) = C[n — l]ij for n ^ j ^ n(r + 1) — 1 and 1 ^ % ^ r — 1. 

Finally, we let p act on these last two sets of matrices: but we use ()17p to 
write their elements as other embeddings of the same units. 

C We set C[l] G -A/f( nr .) x ( r+1 )(C) to be the matrix Cffjjj = Ti r+i+ i(r/j) = 
C[l] i+ltj for ^ I < n - 1, n < j < n(r + 1) - 1, < % < r - 1 and 

^[(kj = T (i+\)r{ r lj) = C'Wr-ij for O^i^n-1, n^j ^ n(r + 1) — 1. 
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n-1 



Applying (fTHf) we find C[n — l] rj - = C[n — l] r -i,j = — /J 

i=0 
n— 1 r— 1 



C'Ho,. 



n-1 



J^ X] ^t^J ~ Yl C[l ~ l]rj for all n < j < n(r + 1) - 1. 



1=0 i=l 



z=i 



D For ^ Z ^ n — 2, we define D[f] G A4( nr ) x ( r )(C) to be the matrix 
D[l]i,i = T ir+i-i(Vj) = C[l]i-i t j for n ^ j < n(r + 1) - 1 and 2 < i < r 
and -D[/]i,j = 2yi(r)j) = C[l]oj for n ^ j ^ n(r + 1) — 1; for / = n — 1, 
£>[n-l] G A4(nr)x(r-i)( c ) is the matrix £> [n-1] jj = t^..!)^^^) = 
C[n — l]i-ij for n ^ j ^ n(r + 1) — 1 and 2 ^ i ^ r — 1 while 
-C't 71 ~ ijlj = 2 7(n-i)(??j) = C[n - l]oj for n < j < n(r + 1) - 1. 

Observe that our indexing of elements in the various submatrices might be 
confusing: indeed, the row index always starts from 1, as well as the column 
index for B and for D, D while the column index for A and for C, C starts 
with 0: this is consistent with our indexing for the embeddings. We agree 
to denote with M l the i-th column of a matrix M and with Mj its z-th row 
and, finally, we introduce the notation J\d to denote the matrix such that 
JM = (1/2)M° and 2 M* = M i for i ^ 1. Having set all this up, we put 



/ A[0] 


B[0] 


A[l] 


B[l] 




A[n - 1] 


B[n- 1] \ 


CM 


D[0] 


C[l] 


D[l] 




C[n - 1] 


D[n-1] 


U[o] 


D[0] 


C[l] 


D[l] 




C[n - 1] 


D[n-1] J 



(21) 



* 



and 



( AO] 


An 




( A[n - 1] °,A[n 1]\. 


.,A[n-l] r " 2 ) \ 


\ 2 B[0] 


MM 




{ B[n 2 l] \B[n 1]V 


.,B[n-lY~ 2 ) ) 



<l> = i(A[0] ,A[l] ,...,A[n-2] t 



m 



m 



To check (|20p is a straightforward but pretty cumbersome row-and-columns 
operation. We give all the details in the case n = 1 in the Appendix (the 
general case being a similar but much lengthier and heavier computation). 
Hence (|16|) holds and in particular (see |Waj . Lemma 4.15) 



(Ep : EtEk' 



R F 



on- 1„ o2 

-^-^(tor^O*) : tor z 0*). (22) 
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Now note that, using Lemma 12,31 we get 

(tor z x : tor z (0 x x )) _ (tor z x : tor z x ) 



(0 X : X ) (tor z (O*0*,) : tor z x )(£ L : E K )(tor z 02 : tor z x ) 

1 



(tor z (0 x x ):tor z x )Q 



where Q = (£?£ : tor z (£>£)£>£) = (£?£ : E K ) is equal to 1 or 2 (see Theorem 
4.12 of [Wa) l. Now by ((22D we have 

rF . F F ^ _ 2- W?l : C>£) 



QR K R F (tor z O* : tor z (C> x x )) 

which is exactly (|15|) . thanks to Proposition 4.16 of | Wa| . D 

Theorem 3.4. /See J7?ffl Sate 5, /7aJ]/ Proposition 12, JL^ Theorem 2.2] 
Let q be an odd number and let K be a totally real number field. For every 
totally imaginary dihedral extension F/K of degree 2q the equality 

{Q*:0*0*0*) h L h\ 
F (0*0*nO* L :0*) qh\ 

holds, where k C F is a subfield of index 2, k' = p(k) for some element of 
order q in Gal(F/K) and L C F is the subfield of index q. 

Proof. Just apply Theorem 12.41 together with Proposition 13.31 □ 

Remark. Note that, when K = Q, then 

(<m* n X : X ) = I- 

This can be seen as follows: suppose x 6 £)£ , x' £ 0£, and xx' E O^ . Then 
(xx') 12 = 1, since 

O x =tor z (O x ) 

because L is imaginary quadratic. This implies that 

* 12 E0 x no x =0 x = {±i}. 

In particular x £ tor%0£ and, since fj,(k) = /u(Q), we must have x = 1 or 
x = — 1 (see also [HKJ, Satz 5). 
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4 Iwasawa type class number formula. 

In this section we consider the behaviour of the class number in a tower of 
dihedral fields. First of all, recall the following classical definition: 

Definition 4.1. Let K be a number field and let p be a prime number. 
A Galois extension K^jK such that Gal^oo/A') = Z p is called a Z p - 
extension. In this case, 

[JK n = K 00 D...DK n D K n ^ D...K 1 DK =K, 

neN 

where K n /K is a Galois extension such that Gal(K n /K) = Z/p"'Z. 

The behaviour of the class number in this tower is controlled by a cele- 
brated theorem of Kenkichi Iwasawa, namely 

Theorem (K. Iwasawa, [Iwj . Theorem 4.2). Let K^/K be a Z p -extension 
and let p e " be the exact power of p dividing the class number of K n . Then 
there exist three integers /i, A and v such that 

e n = ff" + An + v for n S> . 

We want now to investigate if the same holds in a more general setting, 
namely dropping the Galois condition. We start with the following 

Definition 4.2. Let p be a prime number, let K be a number field and 
let Kao/K be a non Galois extension. Suppose that there exists a Galois 
extension L/K disjoint from K^/K such that LK^ is a Galois closure 
of Kqo/K . If LK^/L is a Z p - extension, then K^/K is called a fake Z p - 
extension. 

Remark. If K^/K is a fake Z p -extension as in Definiton 14.21 then 

GdiLKoo/K) S GaliLKoo/L) x Ga^LK^/K^). 

Indeed, one can also formulate the definition of fake Z p -extensions in terms 
of structures of Galois groups. Moreover K^ is then the union 

K 00 ={]K n 

ngN 

where K n is the extension of K fixed by Gal(LK 00 /L) pn x Gal^LKoo/Koo), 
of degree p n . Note, moreover, that K n /K is the only subextension of K^/K 
of degree p n and every subextension of K^/K is one of the K n , a property 
which is also enjoyed by Z p -extension. It would be interesting to know 
whether or not this property characterize (fake)-Z p -extensions. We thank 
Gabriele Dalla Torre for many fruitful discussions on this subject. 
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As an example of a fake Z p -extension, let L be an imaginary quadratic 
field and let p be an odd prime: it is known (see, for instance, [Wa] , chapter 
13) that the compositum of its Zp-extensions has Galois group isomorphic 
to Zp. Since Gal(L/Q) acts semisimply on this Galois group, it decomposes 
Zp accordingly to its characters, giving two independent Z p -extensions, both 
Galois over Q: the cyclotomic Zp-extension L cyc and the anticyclotomic one 
Loo. The first one is cyclic over Q, the second one is pro-dihedral, namely, 

Gal(L CJ/c /Q) 9* limZ/p n Z x Z/2Z while Gal(Loo/Q) 9* limLy . 

Let Dpoo be the pro-dihedral group isomorphic to Gal(-L<x>/Q) : it admits 
two topological generators, which we consider fixed from now on, a and poo 
such that 

a 2 = 1 a poo = p~V . (23) 

(p" n ) 
If L n is the n-th layer of the anticyclotomic extension of L, then L n = Loo 

(where (p§o) denotes the closed subgroup of D p oc generated by poo): we 

/ P \ n 

define, accordingly, K n = L^T C L n (where (p^o , a) denotes the closed 
subgroup of Dpoo generated by p^ and a). Then K n is a (non normal) 

extension of K = Q of degree p n and we set Koo = Loo to find a diagram 
of fields as in the introduction. Therefore i^oo/Q is a fake Zp-extension. 

Another example may be the following: let K = Q(Cp) where p is a pri- 
mitive p-th. root of unity and let a G K x , a ^ p p . Then K( p °^/a)/K is a 
fake Zp-extension, as it can easily be seen by taking L = F(( p oo): this case 
would fit in a much more general setting, as the one introduced in jVV] , and 
we hope to investigate it in a future work. 

In the sequel we study the pro-dihedral case over Q, with notations 
introduced in the above example. The main result of this section is then 
Theorem 14.71 below. The strategy for the study of the growth of the class 
number in this setting is given by Theorem 13.41 In the following, we shall 
always make the following 

[H] Hypothesis: If p = 3, then L / Q(V = 3) 

This is not a real restriction, since in that case the class groups of K n , L n 
and L have trivial 3-Sylow subgroups and any of the stated result trivially 
holds. For n ^ 1, we define 

P n = Ol O*, ® Zp, U n = Ln g) Zp, R n = U n /P n 

where the inclusion P n ^ U n is induced by the injection OSS 0£, •— > El u : 
therefore \R n \ is the p-part of the quotient of units appearing in Theorem 
13.41 (note that El is trivial thanks to assumption [H]). Morever, we can also 
write 

P n = E Kn E Kii ® Zp and U n = E Ln ® Z p 
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because tor^O^ and tor^O^ are always of order coprime to p, again by 
[H]. Note that P n , U n and R n are D p n -modules (see for example [HKJ, 
Lemma 1). We let T = G&^L^/L) and we write G n = T/TP n = Gal{L n /L) 
(or, more generally, G m . n = Gal(L m /L n ) for m ^ n ^ 0), while we hence- 
forth call A the group Gal(L/Q) and we fix a subgroup of Gal(Loo/Q), also 
called A, mapping isomorphically onto Gal(L/Q) via restriction. Finally, 
A = Z p [[r]] will be the completed group algebra of T, isomorphic to Z p [[T]] 
by the choice of a topological generator 70 of T. 

What we want to do is to compare the action of G n with that of D p n, 
by comparing their cohomology. We start with the following cohomological 
result which is certainly well- know but difficult to find in print. As a matter 
of notation, recall that if H is a group and B an ff-module, then B denotes 
invariants, Bu coinvariants, Nh = YlheH^ 1 ^ ^[-^1 the norm, B[Nh] the 
kernel of multiplication by the norm and Ijj the augmentation ideal. 

Proposition 4.3. Let Abe a 2-divisible abelian D p n -module: then, for every 
i ^ 0, there are canonical isomorphisms induced by restriction (or corestric- 
tion) 

H i (D pn ,A)^H i (G n ,A) A , 

Hi(D pn ,A)^H t (G n ,A) A . 

H°(D pn ,A)^H°(G n ,A) A 

H- l (D p n,A) * H- 1 (G ni A) A * H~ l (G n ,A) A . 

Finally, the Tate isomophism H l (G n , A) = H l+2 (G n ,A) is A-antiequivariant, 
so that (as D p n -modules with trivial action) 

H- l {D pn ,A) = H-\G n ,A) A = H\G n ,A)/H 1 {D pn ,A) 

and 

H 1 (D pn ,A) = H 1 (G n ,A) A = H- 1 (G n ,A)/H- 1 (D pn ,A) 

Proof. The first isomorphism is an immediate application of the Hochschild- 
Serre Spectral Sequence (see, for instance, [We] . 6.8). We now consider Tate 
cohomology: taking A-invariants in the tautological sequence 

- N Gn A - H°(G n , A) - H°(G n , A) - 

we find (use, as before, that N Gn A is 2-divisible, thus its A-cohomology is 
trivial) H°(G n ,A) A = H°(G n ,A) A /(N Gn A) A . Since, as observed, N Gn A 
has trivial A-cohomology and A is a cyclic group, 

H°(A, N Gn A) <* H 2 (A,N Gn A) = 
18 



Moreover, 
and 



so that (N Gn A) = N A N Gn A = Nd n A and finally (using the first isomor- 
phism in our statement) 

H°(G n ,A) A = H°(G n ,A) A /(N Gn A) A = H°(D pn ,A)/N Dpn A = H°(D p n,A) 

as claimed. In degree —1, take A-coinvariants of the tautological exact 
sequence defining the Tate group to get the sequence 

- H~\G n ,A) A - H (G n ,A) A - (A/A[N Gn ]) A - . (24) 

where, as before, we have (A/A[N Gn ]) A = ^-a/^I-^gJa- Take now A- 
coninvariants in the exact sequence 

0-+ A[N Gn ]-+ A^ N Gn A->0 (25) 

to identify the quotient A A /A[N Gn ] A with (N Gn A) A . We claim that 

A/A[N Dpn ] ^ (N Gn A) A = N Gn A/I A (N Gn A) (26) 

is an isomorphism: first of all, the map is well defined, since for every 
x G A[N Dpn ], we have N Gn (x) G N Gn (A)[N A ] = (I A )N Gn (A) because 

H^ 1 (A,N Gn ) = H l (A,N Gn ) = 0. The same argument shows injectivity, 
since for every a £ A such that N A (N Gn (a)) = 0, we have Njj n (a) = 0, 
while surjectivity is obvious. Plugging now the isomorphism of (I26p in (124ft 
through the identification induced by (|25|) we find 

-► H-\G n ,A) A -► i?oP P -,^) -» ^M[AV] ~> ° • 

showing our claim. The fact now that H~ l (G n , A) = H~ l (G n , A) A comes 
from splitting any 2-divisible A-module M as M = M + © M~ canonically, 
writing m = (m+5m)/2+(m—5m)/2: here we denote by M + the eigenspace 
on which A acts trivially and by M~ the eigenspace on which it acts as —1. 
Then M A = M+ = M/M~ = M A . 

Finally, we discuss the A-antiequivariance of Tate isomorphisms. Recall 
that the isomorphism is given by the cup product with a fixed generator x 
ofH 2 (G n ,Z): 

H^G^A) — H^iG^A) 
x i — > xU x 

The action of 5 G A on H^G^A) is 5* in the notation of [NSW ]. 1.5 
and this action is —1 on H 2 (G n ,Z,) as can immediately be seen through 
the isomorphism H 2 {G n ,1) = Hom(G n ,Q/Z) (see [We], example 6.7.10). 
Then, by Proposition 1.5.3 of [NSW], 5*(x U x) = —(8*x) U x which gives 
the result. □ 

The key tool for studying the growth of the p-part of hx n along the fake 
Zp-extension is to interpret the quotient R n as a cohomology group. We 
have the following 
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Proposition 4.4. With notations as above, for every n ^ there is an 
isomorphisms of abelian groups 

R n — H (G n , U n ) = H (D p n, U n ) . 

Proof. Along the proof, set V n = E Kn ®Z p , V n = E K > n ® Z p . U n /I Gn U n is 
a 2-divisible A-module. Hence 

u n /i Gn u n = (u n /i Gn u n )+ e (u n /i Gn u n )- , 

as in the proof of Proposition 14.31 Moreover, we claim that 

{U n /I Gn U n ) + = {U n /I Gn U n ) A = V n V;/I Gn U n : (27) 

this is quite clear by definition of the action of A since 

V n I Gn U n /I Gn U n = (U n /I Gn U n )^ = (U n /I Gn U n ) A 
but also 

v' n i Gn u n /i Gn u n = {u n /i Gn u n ) (p2a) = (U n /I Gn U n ) A . 

We deduce that 

V n V^I Gn U n /I Gn U n = {U n /I Gn U n ) A , 
and since 

i Gn u n c v n vi 

(see for example (Lej, Lemma 3.3) we get (|27p . Then 

R n = U n /I Gn U n /v n V;jI Gn U n =* (U n /I Gn U n )- 

as A-modules. Since U n /I Gn U n = H~ 1 {G n , U n ) we find, by Proposition 14.31 
that 

Rn = H- l {G n ,U n )/H- l {G n ,Un) A = H\D p n,U n ) . (28) 

□ 

Corollary 4.5. R n is a G n -module with trivial action and the injection 
in '■ U n ^ U n+ i induces an injective map 



Proof. By the first equality in (|28|) , the action of G n on R n is trivial since R n 
is a quotient of a trivial G„-module. Now the induced map i n : R n — ► R n +i 
corresponds to the restriction on minus parts of 

i n : U n /I Gn U n -> U n+ i/I Gn+1 U n+1 . 
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The commutativity of the diagram 

H~ (G n ,U n ) > H~ (G n+ i,U n+ i / 



u x 



ux 



H [G n ,U n j >H (G n+ i,U n+ i) 

is immediate to check and proves our statement. D 

Remark. For m Js n ^ 0, let N miU : L m — > L n be the usual "arithmetic" 
norm. With the same notation we will also indicate the induced maps on 
Ei, n , or on Ek„, as well as on P n and U n . One can check that this induces 
a well-defined map N m>n : R m — > R n , so that we can form the projective 
limits of the tautological exact sequence 

— P n — U n — ► Rn — ► 

to get an exact sequence 

— ► limP n := Poo — ► limC/ n := U^ — ► limi^ := P^ — ► (29) 

that is exact on the right since lim P n = as all the P n 's are compact mod- 
ules (see, for instance, [Wej . Proposition 3.5.7): in particular, R^ = Uoo/Poo 
as A-modules. In Iwasawa theory, one classically tries to get information at 
finite levels from the study of some A-module, via the so-called co-descent 
maps: indeed, if Z = \imZ n is a A-module one has a co-descent map 
k n : (Z)r n — ► Z n . Since the size of (Z)r„ is well-behaved with respect 
to n, if one can bound the orders of ker(A; n ) and of coker(fc n ) indipendently 
of n, then one can also control the growth of Z n . Unfortunately, we cannot 
apply this strategy to study the order of R n , since Corollary 14.51 shows, by 
passing to the limit, that the A-module Roo has a trivial action of T and this 
is precisely the obstruction for the boundness of ker(/c n ) and of cokei(k n ). 

Before stating our main result, we need a general lemma. In the follow- 
ing, for a number field M, denote by Am the p-Sylow subgroup of the class 
group of M (isomorphic to the maximal p-quotient of the class group). 

Lemma 4.6. Let M^/M be a r L p -extension in which all primes above p are 
ramified. For every sufficiently large n (i. e. large enough that all primes 
above p are totally ramified in M^/Mn) let pi t n, ■ ■ ■ ,ps,n be the primes in 
M n above p and let *p„ = Ylt=i Pi,n be their product. Then there exist two 
integers A<p, zAp independent of n such that the order of the the projection of 
the class of *p n in Am„ is n\rp + iAp. 
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Proof. For every n G N, let H n be the cyclic subgroup of Am„ generated 
by the projection of ^3 n . Clearly, the H n 's form a projective system and 
we set Y = limH n . Setting X = lim^4jv/ n! then Y C X is a A-module and 
X/Y is a noetherian A-module (it corresponds to the maximal unramified 
extension of M^ in which the product of all Frobenius automorphisms of 
primes above p is trivial): let fx, A, v be the Iwasawa invariants of X. Then 
X/Y also admits three Iwasawa invariants A,/2,P: moreover, Y is clearly 
finitely generated over Z p , so p, = fi. Setting Asp = A — A and ^=i/-i/we 
establish the Lemma. □ 

Remark. Observe that the proof itself shows that Y is procyclic, so it is 
either finite or free of rank 1 over Z p and, accordingly, A«p ^ 1. We will 
come later on this. Now we go back to our anticyclotomic setting. 

Theorem 4.7. Let p £n be the order of the p-Sylow class group of K n . Then 
there exist integers Hk,^k,vk such that 

2e n = fiKP n + A^n + ur for n ^$> . 

Proof. As it is well-known (see, for instance, [Waj . Lemma 13.3) only primes 
above p may ramify in L^/L and at least one of those must eventually 
ramify, while the fact that L n /Q is Galois for every n shows that, if one is 
ramified in L n so is the other (if it exists) and with the same ramification 
index. Let thus uq be the smallest integer such that they are totally ramified 
in L^/L^ and assume n ^ maxjno, n} where n is the smallest integer such 
that the formula in Iwasawa's theorem (see the beginning of this section) 
for Loq/L applies. Then by Theorem 13.41 applied with k = K n and F = L n 
we have 

2e n = e n - r n + n - f = fi L p n + (X L + l)n + u' - r n , (30) 

where \R n \ = p Tn , \Al\ = p* , v' = ul — f and /j-l^l^l are the Iwasawa 
invariants of Lqo/L. We thus want to control the growth of r n along the 
tower. To do this, we apply Proposition 14.41 studying explicitly i7 1 (D p n, U n ), 
since 

r n = v p (\H 1 (D pn ,U n )\). (31) 

To analyze H 1 (D p n,U n ), set B° := B ®% Z p for any abelian group B: this 
is an exact functor so we have the exact sequence 

O-LT-n-CL^-PrS-O 

where Pr n is the group of principal ideals of L n . Taking L> p n-cohomology 
we get, by Hilbert 90, an isomorphisms 

(Prt) D ^/(Q x f = H\D p u,U n ) . (32) 



3 We use, here and in what follows, that for every G-module A, there is an isomorphism 
H q (G, A) ® Z, p == H q (G, A (g) Z p ) holding for every q ^ 0. This is an easy exercise about 
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On the other hand, the exact sequence 

- Prl - Idl - A Ln - (33) 

defining the class group (so Id n is the group of fractional ideals of L n ) 
induces an inclusion 

0\D n n 



This last quotient is fairly explicit: indeed, an ideal I = Y\c\^' is fixed by 
D p n if and only if every prime appears with the same exponent with all its 
Dpn-conjugates: for a prime I call the product of all this conjugates Orb([). 
Then clearly (recall that all modules here are Z p -modules, so primes ramified 
only in L/Q generate the same module as the rational prime below them) 



Orb® 2 * 



£ z p where l\leQ if I \ V 

Vn P = (l\ Pnlp m L n Pn) Z " where $T"° = p G Q ifl|p 



The fact that these are the only possibilities for ramification follows from 
the definition of no: moding now out by (Q x ) c> we find 

(Id° n ) D v n /(Q x ) = yl p /p Zp = Z/p"- no Z , 
and accordingly 

(Pr%) D p n /(Q x )* = % hnZp /p^ s Z/(p n - no ~ hn )Z 



where p " is the order of the class of ^3 n in Ai n . Applying Lemma 14.61 we 
find h n = Aipn + v^ and this, together with (|32p . shows that 

H l (D pn ,U n ) s Z/p^- x ^ n - n °- v ^Z . 

We now achieve the proof of the theorem plugging this information in (|31|) 
in order to find the existence of suitable invariants A r and u r such that 
r n = A r n + u r , so that equation (f3U|) becomes our statement. □ 

Remark. Following explicitly the proof, one finds that A r = 1 — A<p, which 
is at most 1 by the above remark, and v T = —uq — zAp. Accordingly, 

UK = fJ-L , Ax = Al + 1 - A r = X L + A«p , u K = vl ~ f + n + ZAp : 



the Grothendieck spectral sequence for the functors (— ) ® Z p and (— ) . To verify that 
tensoring with Z p sends injective G-modules to G-acyclic, use the explicit description in 
[Se2j . chapitre VII. For the equivalent result in Tate cohomology apply Proposition 14.31 
together with the above remark. Rene Schoof pointed out to us that one can also prove 
directly the isomorphism H q (G, A)® r L p = H q (G, A®Z P ) by tensoring the complex giving 
raise to Tate cohomology with Z p . 
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in particular, \k is either Ax, or Ax + 1 and it is even: to see this, just use 
our formula to write explicitly 2(e n+ i —e n ). Analogously one can prove that 
Hx = vk (mod 2). 

Definition 4.8. Denote by p n the order of the class of ^ n in Al„, where 
?($ n is the product of all primes above p in L n . Moreover, let uq be the 
smallest integer such that L^/L^ is totally ramified. 

For later use, we extract the following result from the proof of the theo- 
rem. 

Proposition 4.9. There is a short exact sequence 

-► H\D pn ,U n ) -► Z/p n ~ no Z -► H°(D pn ,A Ln ) -► 

and isomorphisms 

H\D p n,U n ) S Z/p n - n °- hn Z, H°(D p n,A Ln ) =* Z//"Z . 

Proof. In the long exact Z? p n-cohomology sequence of 

O-t/n-CL^-PrS-O 

one has H 1 (D p n , {L*)*) = by Hilbert 90 together with H 2 (D p n,U n ) = 
H 2 {G n ,U n ) A = H°(G n ,U n )- = as U = 0; thus H l (D p n,Pr°) = 0. 
Taking ZLn-cohomology in (|33[) one finds 

- H\D pn ,Prl) - H°(D p n,Id° n ) - iJ°(^,^ L J - 

and, moding out by (Q x )°, 

/AzVsPOAQT ^ ^(^V.'O/CQT ^ fl°(^, A in ) ; (34) 
Since in the proof of Theorem 14.71 we found isomorphisms 

H°(iV J Pr*)/(Q x ) = H\D pn ,U n ) * Z/p n - n °- h -Z, 

H°(D pn ,Id» n )/(® x r = Z/p n ~ n °Z , 
the exact sequence (|3"4"|) becomes that of our statement. D 



Corollary 4.10. i? n is a cyclic group of order p n n ° hn and R^ is pro- 
cyclic. 

Proof. Combine Proposition 14.41 with Proposition 14.91 □ 
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We stress on the fact that the preceding result gives also a way to com- 
pute R n directly (i. e. without Theorem 13, 4p . 

Applying the Snake Lemma to multiplication- by- (p/ n — 1) (where 7„ is a 
topological generator of Y n ) to the sequence in (J29l) gives the fundamental 
exact sequence 



TT T " y f> 

^oo -"-oo 



(P 



oo)r n 



(Uoo)r n 



Rr 



0. 



(35) 



where (Roo) Tn = Roo = (-Roo)r n since Roc has trivial F action by Corollary 
4.51 The next proposition shows that actually (Uoo) rn = 0; it crucially 
depends on a result of Jean- Robert Belliard (see [Be]). 



Proposition 4.11. P m and Uoo are free A-modules of rank 1. 

Proof. By [GreJ, Proposition 1, we know that the projective limit U^ of 
the p- units along the anticyclotomic extension is A- free of rank 1. Now, 
Proposition 1.3 of |Be] gives a sufficient condition for a projective limit 
to be free. Namely, suppose that a projective system of Z p [G n ]-modules 
(Z n ) ne N, equipped with norm maps N m ^ n : Z m — > Z n and extension maps 
i n ^m : Z n — ► Z m (both for m ^ n ^ 0) verifying the obvious relations, 
satisfies the following conditions: 

1. There exists another projective system W n D Z n with norm and in- 
jection maps inducing the above maps on Z n by restriction such that 
Woo = lim W n is A-free; 



2. Extension maps i n ,m '■ W n 

3ry^Jm,n 



ir, 



( T n 



are injective for m ^ n ^ 0; 



= i n ,m{Z n ) (at least for m ^ n S> 0) , 

then Z^ = lini Z n is also A-free. 

First of all we apply this result to Uoo C C/^, finding that it is A-free, 
and of A-rank equal to 1 thanks to the exact sequence 







U a 



U' 



EK 



jp[a 







where 5oo is the (finite) set of p-places in Loo (the right arrow is the product 
of all p-valuations for p | p): in particular, [/£," = 0. Then we apply the 
proposition again with Z n = P n and W n = U n : in fact, only the third 
condition needs to be checked and that comes from the Snake Lemma applied 
to the diagram 







P, 



U n 



Rn 







P 

1 n 



u: 



(t n 



Rr, 
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noting that the vertical arrow in the middle is an isomorphism and the 
right-hand vertical arrow is injective by Corollary 14,51 Thus we get that 
Poo is A- free: its A-rank is equal to the A-rank of t/oo by Lemme 1.1 of |BeJ 
together with (f35j) . since we have already proved that C/^J 1 =0. □ 

This Proposition already shows that either Poo = or Poo is free of 
rank 1 over Z p : indeed, (f2"9"j) shows that Poo injects in (Poo)r n for all n, as 
(Poo)r n = Roo- On the other hand, Poo being free, the Z p -rank of (Poo)r 
coincides with the A-rank of Poo which is 1 by the above Proposition. As 
Z p does not admit any finite non-trivial submodules, the only possibilities 
for Pqo are or Z p . 

Otherwise we can argue as follows: by Corollary 14.51 we know that R n = 
Z/p( 1 -**) n - c Z for some constant c. If Asp = then Poo = Z p . If Asp = 1 
then the P n 's have bounded orders: since transition maps are induced by 
norms (as R n <^-» P n +i by Corollary 14.51 we need not to distinguish between 
algebraic and arithmetic norm) and Proposition 14.41 shows that G n acts 
trivially on P n , Poo is the projective limit of cyclic groups of bounded order 
with respect to multiplication by p, so it is 0. We have thus proved 

Corollary 4.12. With notations as in Theorem \4-7\ i/Aqj = 1 then Poo = 
and if Asp = then Poo is free of rank 1 over Z p . 

Remark. In the proof of Theorem 15.91 below we will show that Asp = 1 if p 
splits in F and Asp = if p does not. 

5 Structure of Xk 

We now want to connect the study of Xl and Xk'- we recall that 

X L := lim.4 Ln and X K : = lim A Kn , 

projective limits being taken with respect to norms. If L^/L were the 
cyclotomic Z p -extension of L, then Xl would be known to be Z p -finitely 
generated by a celebrated result of B. Ferrero and L. Washington (see |FW| ). 
but for the anticyclotomic extension this is no more the case (see [Cij and 
[Ja2]). We are interested in giving conditions for Xk to be finitely generated 
as Zp-module. Our strategy is to study the quotient Xl/XkXk'- The 
following exact sequence is then useful 

- Ker(6 n ) — A Kn © A K > n -^ A Ln — A L JA Kn A K ^ - (36) 

where 

L n (([/],[/'])) =[H'0 Ln ] 

if I C Ok„ and I' C Ok 1 are ideals. Passing to projective limit we get 
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-► Ker(i c 



Xk © Xk> -^ Xi — ► Xf/XkXk' 



(37) 



and 



Ker(i 00 ) = limKer(i n ) 



We will describe Ker(i n ) and Ai n / Ak„Ak' in terms of cohomology groups. 
The following diagram will be useful: 







U„ 



w, 



Qr. 







(^ x : 



7 C 










n 



/<£ 



^ 



(38) 





Here J n is the ideles group, C n is the ideles class group, U n is the group 
of ideles units, Id n is the group of ideals and Pr n is the group of principal 
ideals of L n . Remember that for an abelian group B we set B° := B ® Z p . 

Proposition 5.1. We have 



Ker(L n ) * H°(D p n,A Ln ) * H\D p n,Q r , 



and 



H- l (D pni A Ln )^H Q (D pn ,Q n ). 
Proof. Let (p be the map 



ip : Ker(i r , 



H°(D p n,A Ln 



defined by <p([I], [/'])) = t Kn ([I}). Since t Kn ([I']) = ^([J])" 1 , both a 
and pa fix t K n ([I]), so the map takes indeed value in H° (D p n , Al u ) . We 
claim that (p is an isomorphism. It is clearly injective: to check surjectivity, 
just observe that A£ = iK n {Ax n ) (and analogously for o~p), so that, for 
every [J] £ H°(D p n,A Ln ), we can write [J] = lk„([I}) = ik^([I']) and 
[J] = </?([-/], [I']) and the claim is established. 
Now consider the exact sequence 

- Qn - <£ - A Ln - 
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as in diagram (J38j) . We take .D p n-Tate cohomology, making constant use of 
Proposition 14.31 and we get 



(39) 



_» H~\D p n,A Ln ) -► H°(D pn ,Q n ) -► H\D pn ,Cn) 

->H o (Dpn,A Ln )-+H 1 (D p n,Q n )^0, 

since by class field theory H l (G n ,C°) = if i = 1 (mod 2) and 

|ir(.Dpn,C£)| = |lP(G n ,C£) i . 

However, also the middle term in the exact sequence (|39|) is trivial, since 
class field theory gives a A-modules isomorphism 

H°(G n ,Cn)^G & l(L n /L) 
and the latter has no A-invariants (since Gal(L n /Q) is dihedral). Note that 

H (D pn ,A Ln ) = H°(D pn ,A Ln ) 
since A Ln [N Dp7l ] = A Ln because Aq = 0. D 

Lemma 5.2. Let g denote the number of primes above p in L (hence g S 
{1, 2}) and let no be as in Definition ^. 8[ Then H° (D p n ,14°) is a cyclic group 
of order p(9~ 1 )( n ~ n °) and H l (D p n,U^) is a cyclic group of order p n ~ no . 

Proof. We start by studying G n -cohomology Local class field theory gives 
A-equivariant identifications 

H°(G n ,l® = J(px) x I(p 2 ) resp. H°(G n ,U*) = /(pi) 

where I (pi) is the inertia subgroup inside G n of the prime p, of L above p, 
accordingly as p splits or not in L (here and in the rest of the proof, we let 
i = 1,2 if p splits, while i = 1 if p does not split). Analogously, 

H l (G n ,K) - H l (G n} Ol^) x H\G n ,Ol^) 
resp. H\G n Mn) = H\G n ,Ol^) 

where O* m. are the local units at the prime ^3j of L n above p, accordingly 
again as p splits or not in L. 

Concerning H , it is clear how A acts on the cohomology group, since 
if there is only one inertia group it acts on it as — 1; and if there are 
two of them it acts on —1 on each subgroup, and permutes them. Since 
the inertia subgroups are cyclic of order p n ~ no , we get our claim, using 
that H°(D p n,U°) = H°(G n ,U^) A . Passing now to H 1 , we observe that 
H^ 1 (G n , 0*m.) is generated by pir/ir for some chosen uniformizer n of 
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a fixed completion L ni ip i of L n at ^3j. The action of A is 5(p7r/7r) = 
(p^ 1 5tt)/5tt = p^^-tt/tt (mod ^G„C^m.)) : starting from 

/? 2 vr/p7r = pvr/Tr (mod I Gn O^. ) ) 

one finds p 2 ir/ir = (pn/ir) 2 (mod -^Gn^fp.)) and, inductively, p~ X T\ji\ = 
(pvr/yr)" 1 (mod ^0^^)) so that A acts as -1 on # _1 (G n , 0*<p.)- Again, 
the fact that this group is cyclic of order p n ~ n ° by local class field theory, 
together with /f 1 (D p n,^) = H l (G n ,Un)~ shows our result. □ 

Proposition 5.3. There is an exact sequence 
-► H°(D p n } UZ) -> #°(L> p n, Q n ) -i i? n A H\D pn Mn) -» Ker( in ) -► . 

Hence we get 

H (D p n,U n ) = H (-Dpi, Q n ) 

and i/ie s/iori exaci sequence 

0^R n ^ H x {D pn , W n ) -» Ker( in ) -> . 

In particular, 

Ker(i n ) =* Z/p hn Z 

where h n is as in Definitional 



Proof. The exact sequence is (a short piece of) the long exact sequence of 
Dpn-Tate cohomology of the righthand column of diagram (j38[) : here R n 
and Ker(i n ) appear thanks to Proposition 14.41 and Proposition 15.11 Now 
note that 

H x {D p n,Ul)^Z/p n - n °Z 

by Lemma 15.21 Moreover, 

Kev{L n ) = H°(D pn ,A Ln ) 

by Proposition 15.11 and 

Rn = H (D p n, U n ) 

by Proposition 14.41 Hence, using Proposition 14.91 we deduce that a is nec- 
essarily injective, so the third map is necessarily 0. □ 

Lemma 5.4. The following inclusions hold 

Ia n A Ln C LK n (A Kn )L KL (A K ,) C A Ln [N Gn \. 
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Proof. For the inclusion lG n Ai, n C tR-„(AR: n )iRv (Arv) see for example 
Lemma 3.3 of [Eg], using that (1 + cr)A Ln = tK n {AK n ) and (1 + p 2 a)A Ln = 
l K' {A-K 1 )■ Then note that the norm element Nd n £ Z p [D p n] is the zero 
map on A^^ since Z is principal, hence 

N Gn (iK n (A Kn )) = N Gn ((l + a)A L J = N Dpn (A Ln ) = 

and the analogous result holds for Ak> , thereby proving the claimed inclu- 
sion. □ 

Lemma 5.5. For every n ^ there is an isomorphism 

A Ln [N Gn ]/A Kn A Kk - H\D pn ,A Ln ) . 

Proof. The proof goes exactly in the same way as in Proposition 14.41 except 
for the fact that here we cannot replace AL n [NG n ] with Ai n (but we can 
use Lemma 15.41 above). □ 

Collecting together these results we can give an algebraic proof of a 
version of the formula in Theorem [331 We need to recall a well known result. 
If Mi/Mo is any finite Galois extension, we shall denote by Ram(Mi/Mo) 
the product of the ramification indexes in M\/Mq of the (finite) primes of 
Mq. Then we have the following formula, coming from a computation with 
Herbrand quotients: 

Fact 5.6 (Ambiguous Class Number Formula). Let M\/Mq be a finite Galois 
extension of odd degree and set G = Gal(Mi/Mo). Then 

G _ \ClM \Ram{M 1 /M ) 

\L/lt 



Ml1 [M x : M ](E Mo : E Mq n N Ml/Mo (M*)) " 
Proof. See [Graj, II 6.2.3. □ 

Proposition 5.7. The following formula holds (compare with Theorem \3.4\ ) 

h (p) _ \ h Kj h L \ K n\ 

Proof. From the exact sequence ([36]) we deduce that 

, _ h 2 K JA L JA Kn A Kk \ 
Ln |Ker(OI 

Note that 

\A L JA Kn A K , n \ = \A Ln [N Gn ]/A Kn A Kk \\A L JA Ln [N Gn ]\ = 

= \H 1 (D pn ,A Ln )\\N Gn (A Ln )\, 
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using Lemma 15.51 Moreover, by the Ambiguous Class Number Formula, 

l/V (A V - lA % 1 - ^RamjLn/L) 

I GA Ln)\ lS o {GniALn)l p n\m(G n ,A Ln )\ 

(we use the fact that \H°(G n ,A Ln )\ = \H l (G n ,A Ln )\). Now observe that 

\H\D pn ,A Ln )\ = 1 = 1 

\H\G n ,A Ln )\ ' \H~\D r ,A Ln )\ " \H°(D p n,Q n )\ 

by Proposition 15.11 and Proposition 14.31 Furthermore 

1 _ 1 

\H°{D pn ,Q n )\ " \H°(D p n,U<>)\ ' 

by Proposition 15.31 Hence we get 

,,,,,, h^BamjLJL) 

Now b n = n — riQ. Then 

Ram(L n /L) = p 9K 
(where g is the same as in Lemma l5.2p and 

\H\D p nMt)\=P {9 - 1)K . 

by Lemma 15.21 Therefore, 



p(g—l)b„+n pna 



\A L JA Kn A h :\- ,,„;_/„, _„ •■ -^ (JOi 

and 



h (p) = \ h Kj h L V 

L n p n| Ker ( in )| 

Using once more Proposition 15.31 we deduce that 

\R n \\Kex{i n )\ = p K 
which gives the formula of the proposition. □ 

Remark. We want to stress here that our proof works as well in a more 
general setting. Indeed, we assumed that L n /L is part of the anticyclotomic 
extension because this is the context for our further application. But since 
both Proposition 15.31 15.11 and Lemma 15.21 continue to hold true, mutatis 
mutandis, for any dihedral extension, the above proposition can be proven 
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in the same way for any such a dihedral extension. Moreover, as pointed 
out for example by Lemmermeyer in |Lej . Theorem 2.2, the formula above 
is trivially true for any odd prime number £ ^ p: summarizing, our proof 
can be generalized to show (algebraically) that for any dihedral extension 
F/Q of degree p n , the relation 



p" 

holds, up to powers of 2. 

Now we make some remarks about the structure of Xk- First we need 
a lemma: 

Lemma 5.8. Suppose that p splits in L: then for any prime p over p in L, 
the union (LcycL^p of all completions at p of the finite layers of LcycL^/L 
is a 'Lp-extension over (L cyc )p. 

Proof. Let pi and p2 be the two primes of F above p. Let H be the maximal 
subextension of FcycFoo/F such that pi is totally split in H/F. By global 
class field theory, explicitely writing down the normic subgroups correspond- 
ing to H and to F^F^, one sees that H/F must be finite. The lemma now 
follows since the decomposition group of pi (and therefore also that of P2) 
in G^FcycFoo / F) is of Z p -rank 2. □ 

Theorem 5.9. Ker(ioo) is a "L p -module of rank 1 if p splits in L and it 
is finite otherwise. Moreover, Xl/XkXk' is finite and its order divides 
h[ /p n ° . In particular Xl is finitely generated as r L v -module if and only if 
Xk is. 

Proof. Before starting the proof, observe that Ker(too) is a Z p -module of 
rank at most 1 (use the fact that each Ker(t n ) is cyclic, see Proposition I5.3|) . 
Suppose now that p splits in L, say pOi = Pip2- Let SP^i, . . . ,tyi, s 
be the prime ideals of L^ which lie above p, (clearly s = p a for some 
a £ N) for i = 1, 2. Let, as before, no be the smallest natural number such 
that Loo/Lng is totally ramified. Set L' = LcycL^ and note that L'/L^ is 
unramified everywhere: indeed, L 1 /L^ is clearly unramified at every prime 
which does not lie above p. On the other hand, L'm. ./L oa s^ ij must be 
unramified because Q p = L Pi admits only two independent Z p -extension, 
one being the unramified one. Let now M^ be the maximal unramified 
abelian pro-p-extension of -Lqq (hence L' C Moo). For each i = 1, 2 and 
j = 1, . . . , s, consider the Frobenius Frob(^3j J ,M 00 /L 00 ) of tyij in M^jL^ 
which is an element of infinite order since its restriction Frob^jj, L'/L^) 
to L' is of infinite order by Lemma 15.81 Furthermore Gal(Loo/Q) acts by 
conjugation on the set {Frob(*Pjj,M 00 /L 00 )}j = i i 2 ; j=i,..., s ' in other words if 
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r G Gal(Loo/Q) we have 

r • FrobpPij, Moo/Loo) = ^Rrob^^M^/L^)?- 1 = Rrob(r(«p i , i )) . 
where r is an extension of r to Mqo . On the other hand we must have 

^FrobOP^L'/Loo)?- 1 = FrobQpi^L'/Loo) 
because L'/Q is a Galois extension whose Galois group is isomorphic to 

Ga^L'/Loo) x Gal(Loo/Q) . 
In particular we deduce that 

2 s 

H H FrobWij, L'/Ln) = RrobflJi,!, L'/L^f. 

Hence this product is an element of infinite order in Gal(X» / /ij 00 ) and the 
same holds for the products of Frob(*Pjj, Moo/Lqo). It corresponds by class 
field theory to 

lim[<p n ] G X L 

where ^3 n is the product of all primes above p in L n . Now note that 

Ker( in ) = H°(D p n, A L J = ([#„]) 9* Z/p^Z. 

In fact, clearly 

H (D p n,A L jD(^ n ]) 

and both groups have order p hn (use Proposition I4.9J) . Hence Ker(i 00 ) is 
infinite since it contains an element of infinite order and it has Z p -rank 1). 
Now suppose that p does not split in L and let again Moo/L^ be the 
maximal pro-p abelian extension of L^ everywhere unramified, so that we 
have an isomorphism Gal(-Moo/.Loo) — Xl. Let Mo/Loo be the fixed field by 
TXl C Xl, viewing Xl as a A- module: then Mq is the maximal unramified 
extension of L^ which is pro-p abelian over L (see [WaJ, chapter 13) and 
we let §? = Gal(Mo/L). Since £f is abelian, we can speak of the inertia 
subgroup J? < ^ of p (the unique prime in L above p): then M / L is 
an abelian extension everywhere unramified, thus finite. This shows that 
p is finitely split and has finite inertia degree in Mq/L. Therefore Mo/Loo 
is finite, being unramified everywhere, and then its Galois group (which is 
isomorphic to Xl/TXl) is finite. The exact sequence 

_» Ker(-T) - X L -^ X L -► X L /TX L -► 

shows that Ker(-T) = Ker(7o — 1) = Xj^ is finite (recall that the isomorphism 
Z p [[r]] = A is induced by 70— 1 •— ► T, where 70 is a fixed topological generator 
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of r). Since ^3 n is clearly fixed by T, we see that their projective limit Y 
is in X£ and is therefore finite. In particular, their order p hn is bounded, 
and since Ker(i n ) has order p n by Proposition 15.31 we immediately see that 
Ker(ioo) is finite (actually Y = Ker(too)). 

The second assertion of the theorem is exactly (I40p and then the last one 
easily follows from (|37j) . D 

Remark. Suppose that /j>l = 0: therefore Xk is a finitely generated Z p - 
module and \x K is its rank. From (|3"T|) we deduce that 

Xk = 2^x K 
thanks to the remark after Theorem 14.71 

Examples. Suppose that the p-Hilbert class field of L is cyclic and that it 
is contained in the compositum of the Z p -extensions of L. Then it must be 
in Lqo (Al is trivial since Aq = 0). With this in mind we give the following 
examples: 

• Take L = Q(y— 191). Then the 13-Hilbert class field is cyclic of order 
13 and is contained in the compositum of the Zi3-extensions of L (see 
[GraJ, Examples 2.6.3). Then no = 1 and we have h L — 13"° = 13 
and this gives Xl = XkXk' by Theorem 15.91 



• Take L = Q(y— 383). Then the 17-Hilbert class field is cyclic of order 
17 but linearly disjoint from the compositum of the Zi7-extensions of 
L (see [Graj . Examples 2.6.3). In particular n® = and Xl/XkXk* 
is cyclic of order dividing 17 by Theorem 15.91 Actually Xl/XkXk* 
is of order 17: for, L^/L is totally ramified and this implies that the 
arithmetic norms A^ m — > A^ n are surjective for every m ^ n ^ 0. 
Then it is easy to see that the arithmetic norms A^ m j 'Ax m Ax' — > 
AL n /AK n Ax' n are surjective too, for every m ^ n ^ 0. Since each 
Ai n /AK n Ax^ is of order 17 by ([471]) we are done. 

Appendix 

In this appendix we perform the computations needed in Proposition 13.31 

Lemma. With notations introduced in section 3, |det(M)| = g|det(j4)| 2 , 
where 



A 1 



M = . u ^ 



0<i<r-l 






%°^ r - 1 ),A=((l/2)A°,A\...,A^) 
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are the matrices appearing in Proposition \3.3l Therefore they are defined as 
follows: 

{ ( 27(77i) \ 

: for i = 

27for) / 



A 1 = { 




B l = I 



' / r-l 

-E r j(»/i)-7(m 

i=i 

r-l 
V 3=1 



A 1 



for 1 ^ i ^ r — 1 
\ 



for i = 




for 1 < i < r — 1 



and 



C* = ^ 




B u 



D' 



A m for < i < r - 2 



for i = r — 1 



B° for % = 

A*" 1 for 1 ^ i ^ r - 1 



Proof. In what follows we will transform M in another matrix N (appear- 
ing below) with trivial upper-right and lower-left blocks, and we do this by 
elementary operations that don't change the (absolute value of the) deter- 
minant. 

Writing M l for the i-th column (1 ^ i ^ 2r) of M, let's perform the substi- 
tution M i t-» M i -M i ~ r for r + 2 < i < q-1 and M r+1 i-» M r+1 + ][][= x Af*. 
M then becomes 



M' 



A i 



0<i<r-l 



C l 



0<i<r-l 



E' 



0<i<r-l 



F> 



0<i<r-l 
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where A % and C l are as above, while E° = A°/2, E l = for 1 ^ i ^ r — 1, 
F° = D° + Y. & and F l = D l - C i for i > 0, i. e. 



F' 



( r— 1 r— 1 

s ° + S ° j = 2B ° + Y1 Aj 

3=0 j=l 

A i-1 _ A l +1 

A r-2 _ B 



for i = 

for 1 ^ i ^ r — 2 
for i = r — 1 



Before going further, let's kill the first column in the upper right block: it 
is enough to subtract from this column (it is the r + 1-th) a half of the first 
one, namely M' r+1 !-► M /r+1 - (1/2)M /1 , thus finding 



M" 



C 



0<i<r-l 







G' 



0sSi<r-l 



where 



G 1 



B° - (1/2)A° - (1/2)^ for i = 

A i-i _ A i+i for 1 ^ i ^ r - 2 

A r-2 _ B o for i = r - 1 



We can now use all the G*'s freely without changing the other blocks. 
In particular, we will in the sequel operate in the submatrix formed by the 
G l, s. Observe, first of all, that 



r-2 



Y^ G l = A + A 1 - A 



r-2 



A 



r-1 



i=l 



Using this, let's substitute G° ^ G° + (1/2) £ G\ finding B° - (1/2) A r ~ 2 - 
(l/2)^4 r_1 := X in the first column. Another step is now to change this in 
X i-> X + (l/2)G r ~ 1 = (1/2)5° - (1/2) A 1 "' 1 : M has now been reduced to 



M' 1 



A 1 



0$i$r-l 



C 



0<i<r-l 



H' 



0<i<r-l 



where 



H' 



(1/2)5° - (l/2)A r ~ 1 for i = 

A i-i _ A i+i for 1 ^ i ^ r - 2 

A r - 2 - B° for i = r - 1 



Tlr—l 



Now we should transform H r ' 1 i-> fl 7- - 1 + 25° = A r " 2 - ^ r " 1 := iT 
Keeping on setting H % ^ H % — H' i+1 for 1 ^ i ^ r - 2 we inductively build 
a matrix N whose determinant satisfies det(iV) = (1/2) det(M), namely 



N 



A> 



0<i<r-l 



c 



0<i<r-l 







H' 



0<i<r-l 
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where 



H h 



B° - A r - 1 for i = 

A i-\ _ A i f or i < i < r _ i • 



Now we can finally perform our last transformations: the idea is to reduce 
the right bottom block of AT to a matrix having qA 1 as second column. First 
of all, we substitute H' 1 h^ H' 1 + 2H'° := T\\ clearly every other column is 
unchanged, while this second column becomes 



-3ri(r/i) - > y 2ri(r?i) - 4r r _i(r?i) 

i=2 



A° - A 1 + 25° - 2A r ~ 1 



r-2 



I 



-3Ti(r) r ) - ^2 ^(Vr) ~ 4T r _i(r/ r 

\ i=2 

Now we can repeatedly subtract to this column suitable multiples of the 
H H, s in order to be left only with —qA 1 : in fact, we define inductively 
the matrix (as before, we perform these substitution only in the submatrix 
formed by the H /l, s) 



( 



Uj:- 



H'°, T,-_i - 2j • H' r+1 - j ,H' 2 , ..., H lr ~ l , 2 < j < r - 1 . 



V 



The definition of the H H, s implies that Tj = I}_i - 2jA r -^' + 2jA 



r+l-j 



SO 



that Tj verifies 



/ r-l-j \ 

-371(771)- Yl 2r i ( J? i)-2(j + l)r r _ i (r/i) 

i=2 



V 



r-l-j 

-3ri(r/ r ) - ^ 2rj(r/ r ) - 2(j + l)r r _j(r? r 

i=2 



2 ^ j ^ r - 3 



/ 



and, for the remaining cases (as degenerate versions of the same formula), 

/ -3ri(r/i) - (q - 3)72(171) \ / -qnirji) \ 

T r 2 =\ \ , T r ! = : = -gA 1 . 

\ -3ri(r/ r ) - (c/-3)r 2 (r/ r ) / \ -gri(r/ r ) / 

Recalling now the definition of N and that the performed transformations 
do not change the left hand blocks of it, we find 



det(M)| =-|det(AT)| 



det 



A 1 



Q<i<r-1 



C i 



0<i<r-l 



n;_i 



(41) 
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where nj._ 1 is as n r _i but with the second column divided by —q. Looking 
now at the definition of H' l7 s shows that we can still transform 



n' 



r-l 



(B°,A\A 2 ,...,A r ) 



since A 2 = A 1 —H' 2 , A 3 = A 2 — H' 3 and so on. For exactly the same reason, 
the first column B° may safely be substituted by (1/2) A so that finally 



^^ {(1/2) A , A 1 ,..., A*- 1 ) 



and (1411) shows that 



dctU/)| = J|det(^ 



04i€r-l 



0<i<r-l 



A' 



0<i<r-l 



At last, one can use the bottom right block to kill the bottom left one 
without changing the upper left block, simply by the definition of the C l, s: 
thus 



|det(M)| 
as we wanted. 



det 



A 1 







A 1 



0<i<r-l 



g|det(A)| 2 , 



□ 
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